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396 Research Notes

A NOTE ON A THEOREM OF ARMAND BOREL

B Y E. C. ZEEMAN

Received 23 August 1957

The theorem under discussion is the one which yields the cohomology of the classifying
space of a Lie group. Let E be a canonical spectral algebra for cohomology over
a field K with trivial Ex term, and let B = J^E^' ...,y

m), and degree ytd the proof given here is
based on this remark. I prove (6) by assumin



Research Notes 397

Definition of E(s), an elementary spectral algebra over K of odd degree s. Let
F{s) = A(y), f] of degree s, B(s) = K[Q, £ of degree s+l, and let E(s)2 = B{s)®F(s).
Therefore if K is not of characteristic 2, the algebra E(s)2 is freely generated by £ and 97,
the multiplicative order of v being 2 since s is odd. If K is of characteristic 2, then
2?(s)2 is generated by £ and y, with the one relation y2 = 0. Let dr = 0, r = 2,3, . . . , s.
Therefore .E(s),. = E(s)2,r = 2,3, ...,s+ 1. Let<$+i(?7) = £, (thetransgression).Therefore
ds+i(£* ® 1) = 0 and dg+1(£* ®y) = £ft+1 ® 1. Consequently, for r > s+ 1, dr = 0 and
.E(<s)r = JE^S),*, = trivial, the only non-zero term in the bigrading being E^fy0 = K.

LEMMA. Ify is a transgressive element of odd degree sin a spectral algebra E such that
y2 = 0, and ifzis some image ofyinB under transgression, then there is a unique homo-
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By construction f:F s F. Therefore/: B ^ B, qua graded groups, by the comparison
theorem ((2), Dual corollary). Bu t / i s an algebra homomorphism, so tha t / : B ^ Bis
an algebra isomorphism. Consequently B = K[zv ..., zm].

Proof of Theorem 2. We recall that F = A(y1, ...,ym) means that the monomials
ViiVu-'-yik' h < *2 < ••• < *fc(& = l>2,...,m), together with the unit element form an
additive base for the vector space F over K. This is more general than an exterior
algebra, since it may happen that y\ 4= 0, as, for example, in the cohomology ring
modulo 2 of the rotation group i?(3).

Since K is of characteristic 2 we may define elementary spectral algebras ofae rotat773c (n)Tj
0.046 Tc 0.1318 T2w ( th)Tj76 218 Tw0gebra e x a T j 
 0  T c  T c  4 0 . 0 0 9 h o _ 1  1  T f 
 0 . 0 2 h  T w  (  K ) T j 
 / T 1 _ 0  1 8 T j 
 - 0 . 0 2 0 2  T  0 . 1 6 2 4  T w  (  i 2 c  8 . 0 2 1 5 0 8 1 ) T j 
 0 . 0 4 1 e 2 5  T c  0 . 0 8 7 9  T w   (  i ) T j 
 0  T c  ( 1  T c  ( l ) T 2 0 2  T c  0 . 0 0 6 4  T w  (  o r ) T j 
 0  T c  6 6  T w  (  d e f i 9 ) T j 
 0  T c  ( 1 8 (  f o ) T ) T j 
 0  T c 6 1  ( e ) T j 
 b e f 1 2 5  T c  0 . 0 8 7 9  T w  ( ( e ) T T * ) T j  0  0  1 1  1 T j 
 0  T c  4 c  ( l ) T j 
 0 . 0 1 3 4  T c  0 . 1 6 6 4  T w  (  K ) T j 
 / T 1 _ 0  1 0 9 7 2 5  5 3 6 . 3 9 7 4  T m 9 2 . 7 8 y ) T 4 8 4 )  i3r K K  i31 8  T w 4 5 1 8  T w 5  8 . 0 2 1 5 0 8  K i04 8.0215 38r 2


